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If lim x,, = a, show that lim |z,| = |a|. Show that the converse can be false by giving
a counter example.

Suppose lim z, = 0. Let y, = min{|z1], |z2], ..., |z,|}. Show that limy, = 0.
If lim x5, = a and lim x5,,_1 = a, show that lim z,, = a.

Given an example of a sequence x,, and a infinite decomposition of N = N;U. . .UN,U. . .,
such that for every k € N, the subsequence (x,)nen, has limit ¢ € R but limz,, # a.

If limz, = a and lim(x,, — y,,) = 0, show that limy, = a.

. Show that (1 — %)" is increasing. Hint: Use the inequality of arithmetic and geometric

means inmvolving the n + 1 numbers 1 — %, T %, 1.

Let #, = (1+ 2)",yn = (1 — 725)"*". Show that limz,y, = 1 and conclude that
lim(1—4)" =¢e™!,

. Let a > 0,b > 0. Show that lim v/a,, + b, = max{a,b}

Let x, be a bounded sequence. If lima, = a and a, is an accumulation point of z,,
then a is an accumulation point of x,,.

Let x,,y, be bounded sequences. Set
a = liminf x,,, A = limsup x,,, b = liminf y,, B = limsup y,
Show that:

a) limsup(z, + yn) < A+ B and liminf(x, +y,) > a + b;
b) limsup —z,, = —a and liminf —z,, = —A;

c) If z, > 0,y, > 0, then limsup(z, - y,) < A- B and liminf(z, - y,) > a - b.
For each n € N, let 0 <t, < 1. If imz, = limy, = a, show that

lim[t,z, + (1 — t,)yn] = a

Let ; =1 and 2,41 = 1 + y/n. Show that z,, is bounded and find lim z,.
Show that x,, doesn’t have a convergent subsequence if and only if lim |z, | = +o0.

Let y, > 0 for every n € N, such that > y, = 4+o00. If x, is a sequence such that

lim 2 = q, show that lim Zit=F2n — g
Yn Y1t+...+yn

Let y, be an increasing sequence and limy,, = +o00. Show that

. Tp4+1 — Ty, . Ty,
lm——————— =¢g=1lim— =a

Yn+1 — Yn Yn
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Show that
P+27+...+nf 1

np+1 _p+1

lim

Show that for every n € N, 0 < e — (1+%+%+...+%) < % Conclude that
e ¢ Q.

Show that lim{/(n+1)(n+2)...2n = %.

Suppose the sequence x,, satisfies n! = n"e "x,,. Show that lim {/z, = 1.

Let > a, and ) b, be series with positive elements. Show that if > b, = +oo and
Jng € N such that “Z—:l > bz—:l for n > ng, then > a, = +oc0.

Let p(z) € R[z] be a polynomial of degree 2 or more. Show that the series ) ﬁ
converges.

m(mfl)...'(mfnJrl) .

If |z| < 1 show that lim ("")z™ = 0 for every m € R, where (7') :=

n—o0

Let a € R. Show that the series Z @ +a2 converges and find its sum.

Show that for every fixed p € R, the series ) | oD

m converges.

If " a, converges and a,, > 0 then Y a? and - also converge.
2 n

If > a;, converges then %= also converges.

If a, is decreasing and » a,, converges then lima, - n = 0.

If a,, is nonincreasing with lim a,, = 0, show that ) a,, converges if and only if > 2"-agn
converges.

Show that the set of accumulation points of the sequence x,, = cosn is the closed
interval [—1, 1].

Let ay >ay >...>0and s, =a; —as+ ...+ (=1)""'a,. Show that s, is bounded
and
limsup s,, — liminf s,, = lima,,



